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Abstract

The description of basic experiments of the rare-earth hard magnetic materials, high-field magnetization curves on

single-crystalline samples of Ho2Co17 and Nd2Fe14B is reviewed with the aim to derive parameters physically relevant

on atomic scale. The anisotropic magnetic properties have been found to be of single-ion origin. The successful

description of the rare-earth compounds Ho2Co17, Nd2Fe14B, Pr2Fe14B, ErNi5, PrRu2Si2, ErRu2Si2 in terms of the

crystal-field, spin–orbit and inter-site magnetic interactions proves the existence, in a solid, the discrete atomic-like low-

energy electron structure that predominantly governs the magnetic and electronic properties. The macroscopic

properties have been correlated with the atomic-scale parameters. These studies reveal the importance of the low-

symmetry crystal-field interactions (high-order charge multipolar interactions) in description of the magnetic properties

of 4f compounds. r 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

The aim of this paper is to present a consistent
understanding of the electronic and magnetic
properties of the transition-metal compounds,
Ho2Co17, Nd2Fe14B, ErNi5, PrRu2Si2 and
ErRu2Si2. All of them are intermetallics. They
belong to a very large class of 3d–4f compounds
that is important from both theoretical and
applicational point of view [1]. Successful studies

on these compounds have been possible mainly
thanks to two factors: the availability of large
single crystals and modern experimental techni-
ques, like for instance magnetic measurements in
high magnetic fields, low-temperature specific heat
and inelastic neutron scattering.
These studies allow for the determination of

basic interactions like the strength of the 3d–4f
interaction and of the crystal-field interactions that
govern their magnetic and electronic properties.

2. Ho2Co17—first-order moment reorientation

The magnetization curves of the single-crystal-
line Ho2Co17, measured up to 35T along three
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main crystallographic directions (Fig. 1) [2,3], have
revealed (i) very anisotropic behavior with the
magnetic moments in the hexagonal plane, the
hard hexagonal c-axis and the easy magnetization
direction (EMD) along the b-axis, (ii) a metamag-
netic transition at 22 T for fields applied along the
easy b direction, and (iii) a metamagnetic transi-
tion at 29T for fields applied along the a direction.
For the interpretation of this anisotropic behavior
and of the metamagnetic transition, we have
employed a model [4], called the two-sublattice
model below. According to this model all 3d
moments form one magnetic sublattice described
by the resultant magnetization MT and the
magnetocrystalline anisotropy (MCA) energy ET

a :
All rare-earth (R) moments form the second
magnetic sublattice described by the resultant
magnetization MR and the MCA energy ER

a : The

experimental value of the easy-axis magnetization
Ms of Ho2Co17 of 33.6Am

2/kg, corresponding to
8.0mB/f.u., yields MT ¼ 28mB/f.u. if one assumes
the full Ho moment of 10mB/Ho-ion and
MR ¼ 20mB/f.u. and antiparallel moment align-
ment [3,5]. Attributing 28.0mB/f.u. to the Co-
sublattice magnetization is very plausible as it
corresponds to 1.65mB/Co-atom, which is only
slightly smaller than the Co-metal moment.
According to the two-sublattice model, the special
magnetization behavior can be attributed to the
rare-earth sublattice, to the special angular shape
of the MCA energy ET

a : The value and the angular
dependence of ET

a was taken quite normal like
observed in Y2Co17, i.e. �11K/f.u. The Co
magnetization prefers to stay within the hexagonal
plane, but relatively weakly. The Co anisotropy
field amounts to 1.2 T only.
In the two-sublattice model, for describing the

high-field magnetization process, we have used
the energy expression

ER�T ¼ Ea þ Eexch þ EM: ð1Þ

This expression contains terms with the magne-
tocrystalline anisotropies Ea; the exchange energy
Eexch between the two magnetic sublattices and the
magnetostatic energies EM due to the external
magnetic field. This energy expression becomes
quite simple if we assume that, during the
magnetization process, both magnetizations rotate
only within the hexagonal plane (this assumption
means that the out-plane anisotropy energy is
much larger than the in-plane anisotropy, which is
reasonable). For an external field B applied along
the easy b-axis, Eq. (1) takes the form [4,6–8]

ER�T ¼ � MRB cos a � MTB cos b

þ KR
4 cos 6aþ KT

4 cos 6b

þ nRTMRMT cosðaþ bÞ; ð2Þ

where a and b denote azimuthal angles of two
sublattice magnetizations with respect to the
magnetic field direction. At zero field a ¼ 1801
and b ¼ 01: KR

4 and KT
4 denote the in-plane

anisotropy constants. For the given values of MT

and MR; the transition field depends critically on
the R–T intersublattice coupling nRT and the KR

4

value (we took KT
4 ¼ 0). The full magnetization
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Fig. 1. Magnetization curves of single-crystalline Ho2Co17,

measured along three main hexagonal crystallographic direc-

tions [2] and high-field magnetization curves, measured on the

free-to-rotate single-crystalline sphere of Ho2Co17 (practically

the same curve is obtained on a sample consisting of free

powder particles) [3].
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curve, calculated for fields applied along the easy
direction, is shown in Fig. 2. The calculated curve
exhibits three sharp magnetic transitions—accord-
ing to the presented interpretation they are related
to the sharp rotation of the Ho-sublattice magne-
tization, with the increasing magnetic field, to the
next easy direction within the hexagonal plane.
The final situation is the forced ferromagnetic state
reached in large external fields. Similar transitions
occur in the magnetization along the hard axis in
plane, the a-axis in case of Ho2Co17. We have
named these transitions first-order moment reor-
ientation (FOMR) transitions. The general shape
of the magnetization curve of Fig. 2 can be
understood as a continuous increase of the
magnetization due to the bending of the antipar-
allelly aligned moments with transitions governed
by the in-plane anisotropy. The calculations have
predicted the occurrence of other transitions for
the b direction at 45 and 102T. The transition at
44T has been detected 14 years after its prediction
in measurements at Osaka High-Field Laboratory
in 1991 [9].
Having the experimental value of the transition

field, we have derived a nRT value of 0.55 T kg/
Am2. The physical visualization of this nRT value
is the molecular field BR

mol (=nRT �MT). BR
mol is

experienced by the Ho moment in Ho2Co17 but it
is produced by the Co sublattice. The derived
value of nRT yields BHo

mol of 64T.
The shown interpretation has enabled the first

physically adequate evaluation of the strength of
the 3d–4f coupling. Earlier estimations of the
molecular field were 3–5 times larger. On this
basis, serious objections have arisen against our
interpretation and the against the possibility of the
formation of a non-collinear magnetic structure
already in an external field of 20T. If the
molecular field and 3d–4f interactions were much
stronger, the external field would not be able to
disturb the internal magnetic structure. The
physical correctness of our model was confirmed
shortly after—the FOMR transition has been
detected in Dy2Co17 at 28T [10] in agreement with
our earlier predictions [6,7]. The FOMR transi-
tions in the tetragonal plane were also detected in
the compound Er2Fe14B [11].

3. Ho2Co17—hard axis magnetization curve

The full energy expression given by Eq. (1) for
the coupled two R- and T-sublattice magnetiza-
tions in an external field B0 takes the form

ER�T ¼ER
a þ ET

a þ nRTMTMR

� MT � B0 � MR � B0: ð3Þ

For the anisotropy energy we made use of an
expression with the Legendre functions with the
anisotropy coefficients km

n :

Eaðy;jÞ ¼
XX

km
n Pm

n ðcos yÞcos mj; ð4Þ

instead of the customarily used expansion in terms
of the sinus, with the anisotropy constants Km

n :
The Legendre-function expansion later enables
one to correlate the magneto-crystalline energy
with the CEF interactions. The relations between
Km

n and km
n are found in Ref. [1, p. 484].

The bending of two sublattice magnetizations
under the action of the external magnetic fields is
evident if we note that the hard-axis magnetization
exceeds that measured along the nominally
easy axis, above 12T in case of Ho2Co17. This
observation reveals that the apparent anisotropy
field BA of 12T, that one may derive from
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fields applied along the EMD (b-axis). The three transitions are
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direction.
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low-field measurements, does not have the physical
meaning of an anisotropy field. This effect was
discussed in much detail for Dy2Fe14B, where the
hard-axis magnetization crosses the easy-axis
magnetization at 22T and is 1.4 times larger at a
field of 35T [12]. In fact, the apparent anisotropy
field, the crossing of hard and easy-magnetization
curves is a measure of the nRT parameter rather
than of the anisotropy energy. This becomes clear
from the analysis of the magnetization process of
anisotropic ferrimagnets in high magnetic fields.
The full high-field magnetization curves on
GdCo5, Gd2Co17, Gd2Co7 and GdCo3, as exam-
ples, have been calculated up to field of 400T,
where the forced ferromagnetic state is realized
[13]. These theoretical predictions about the high-
field magnetization process have been confirmed
by experiments on GdCo5 and Gd2Co7 [14,15].
It is worth noting that the parameter nRT

derived from the above analysis of the easy- and
hard-axis magnetization curves of Ho2Co17 is
practically the same—thus our studies do not give
any indication for anisotropic exchange.

4. 3d–4f coupling

In a systematic study of the FOMR transitions
in Ho2Co17 and Dy2Co17, and later in Ho2Fe17,
Ho2Co14Fe3, we got confirmation about the
strength of the 3d–4f coupling. Assuming that
the coupling mechanism between the rare-earth
and Co moments proceeds via the rare-earth spin
rather than via the total moment, we could
transform the value of the nRT coefficient from
one compound to another compound, with the
same composition, i.e. from Ho2Co17 to Dy2Co17
and to Ho2Fe17, for instance. If the spin moment is
involved in the coupling, the spin field BR

S ; acting
on the R-spin moment, plays a more fundamental
role than the molecular field BR

mol:
The spin and the molecular fields are inter-

related by

BR
S ¼

gL

2ðgL � 1Þ
BR
mol; ð5Þ

where gL is the Land!e factor of the R-atom
involved. In the R2Co17 series, BR

S amounts to 164T.

In order to transform the nRT coefficient from
one compound to another with a different
composition, we develop the microscopic model
for the 3d–4f coupling between the 3d and 4f
magnetization sublattices as originating from the
Heisenberg-like Hamiltonian between the 3d and
4f spins, ST and SR: Then, the number of Co
nearest neighbors z surrounding a Ho atom
appears and we come to an expression for BR

S as:

BR
S ¼

ARTSTz

mB
; ð6Þ

where ART is the microscopic Heisenberg-like
3d–4f coupling parameter. The experimental value
of 64T for BR

mol in Ho2Co17 yields ART of �6.7K
(the negative sign denotes the antiferromagnetic
coupling). Values for BR

mol and BR
S for rare-earth

Co compounds RnCom; based on this value of the
ART parameter, have been presented in Ref. [16],
and for rare-earth compounds with iron RnFem in
Ref. [17].
The evaluation of the 3d–4f coupling from the

magnetization curves is very accurate for com-
pounds with antiparallel alignment of two sub-
lattice magnetizations, i.e. for heavy-rare-earth
compounds. For light-rare-earth compounds with
the parallel alignment, the applied strong field
causes a non-coherent rotation of two magnetiza-
tions, but the determination of the nRT parameter
has a rather large error. Here, neutron studies turn
out to be very useful. Apart from the spin
dynamics, localized energy excitations can be
detected. A localized excitation in Dy2Co17 at
8.8meV [18] and one in Nd2Co17 at 16.5meV [19]
have been found in inelastic-neutron-scattering
(INS) experiments. Attributing them to CEF
excitations between the subsequent CEF states, a
molecular field BR

mol of 110 T in Dy2Co17 and one
of 320T in Nd2Co17 have been derived.
The combined high-magnetic-field studies and

neutron studies allowed for evaluation of the 3d–4f
coupling in all series of rare-earth-3d compounds.
The derived values of the spin field are collected in
Fig. 3. The spin field largely increases for light rare
earths pointing to a much stronger 3d–4f coupling
at the beginning of rare-earth series [20].
The 3d–4f coupling has been later studied

very successfully by Verhoef on free-to-rotate
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single-crystals that could freely rotate in the field,
yielding, because of their simplicity, very beautiful
curves like the one shown in Fig. 1b, and by De
Boer and co-workers on free-powder samples of
practically all systems of known ferrimagnetic
rare-earth—transition-metal intermetallic com-
pounds [21–23].

5. Nd2Fe14B—importance of higher-order CEF

interactions

In the late autumn of 1983, the compound
Nd2Fe14B with its very promising properties for
the application as permanent magnet was discov-
ered [24]. Due to its extraordinary magnetic
properties, like uniaxial magnetic anisotropy,
magnetic-ordering temperature well above—room
temperature and consisting mostly of iron, not
from expensive cobalt, Nd2Fe14B soon got the
name of supermagnet. Magnetic measurements on
the single crystal Nd2Fe14B revealed a wealth of
quite unusual magnetic behavior, see Fig. 4

[25,26]. From the magnetization curves it was
clear that the easy axis direction does not lie along
any main crystallographic direction. The origin of
the conical structure, with an easy direction that
makes an angle of 301 with the tetragonal c-axis,
was quite mysterious. It was fortunate for the
application at room temperature that this conical
structure disappears at 140K. The description of
the complex magnetic behavior of Nd2Fe14B has
been a real challenge for the whole magnetic
community in the years 1985–1990, together with
the subject of heavy fermions and the high-Tc

superconductivity after its discovery in 1986.
We have applied the two-sublattice model

assuming that the magnetic-moment value of Nd
and Fe atoms is not affected by external fields,
even as large as 35T, and that all peculiarities of
the magnetization curves are due to the formation
of complex non-collinear magnetic structures,
both in the presence of an external magnetic field
as well as in zero field. The expansion of the
anisotropy energy of the Nd-sublattice magnetiza-
tion in terms of the Legendre functions turns out
to be very useful as it enables one to judge the
meaningfulness of the fitted values. Later, this
expansion enabled us to correlate anisotropy
coefficients km

n to the atomic CEF parameters
[27]. The angular shape of the total MCA energy
of the Nd-sublattice ENd

a ; derived from the
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magnetization curves up to 40T on a single crystal,
is shown in Fig. 5 together with contributions from
different multipolar terms. The unusual conical
structure results from the significance of higher-
order anisotropy terms, in particular of k04 and k46:
Although, the general angular shape of ENd

a is
largely governed by k02; the higher-order terms
produce a minimum of the anisotropy energy
at Y ¼ 301: The metamagnetic transition along the

/1 0 0S axis is also due to these higher-order
anisotropy contributions. They produce a mini-
mum of the energy for this direction at Y ¼ 901:
Thanks to this, the magnetization can jump during
the magnetization process to this energy minimum
in an abrupt transition, at 16T in the case of
Nd2Fe14B, passing the maximum of the anisotropy
energy. The found anisotropy coefficients
k02 ¼ �166K/f.u., k04 ¼ þ38K/f.u., k06 ¼ þ36K/
f.u., k44 ¼ �1K/f.u. and k46 ¼ þ28K/f.u. yield the
tetragonal CEF parameters, B0

2 ¼ �2:36K,
B0
4 ¼ þ13:5mK, B4

4 ¼ �3:3mK, B0
6 ¼ þ1:66mK

and B4
6 ¼ þ6:9mK. The anisotropy coefficients

are related to the crystal-field parameters by the
relation (Ref. [1, p. 329]):

km
n ¼ Bm

m/ #Om
n S; ð7Þ

where the / #Om
n S is the expectation value of the

Stevens operators for Jz ¼ J:
A quite similar analysis has been performed for

Pr2Fe14B, that exhibits metamagnetic transitions
at 13.2 and at 17.1 T in fields applied along the
/1 0 0S and /1 1 0S axis, respectively [28,29].
Despite of the different rare-earth atoms we
obtained a very successful description within the
two-sublattice model with CEF coefficients close
to those derived for Nd2Fe14B [29,30]. The
excellent description of such complex magnetiza-
tion curves proves the high physical adequacy of
the two-sublattice model and the CEF single-ion
origin of the rare-earth MCA, despite of their
metallic behavior. The discovered importance of
the CEF interactions in rare-earth intermetallics
has led us to study ErNi5 and other compounds of
this family.

6. ErNi5

ErNi5 has been studied as an examplary
compound in which the CEF interactions can be
thoroughly analyzed as the 3d–4f exchange is
relatively weak. It crystallizes in the hexagonal
structure and large single-crystalline samples can
be grown as known from earlier work of the
Grenoble group of Lemaire and Givord. ErNi5
orders ferromagnetically below Tc ¼ 9K with
moments along the hexagonal axis. The magnetic
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ordering is seen in the temperature dependence of
the specific heat as a large l anomaly [31], see
Fig. 6. The experimentally observed ordered Er
magnetic moment mEr equals 8.5mB [32,33]. We
have attributed the special behavior of ErNi5,
compared to LaNi5, to the presence of the Er3+

ions possessing the configuration 4f11. The asso-
ciated electronic structure has been obtained by
taking into account crystal-field (CEF) and inter-
site spin-dependent interactions. The considered
Hamiltonian contains single-ion-like (Hf ) and
inter-site (Hf�f ) terms [31]:

H ¼ Hf þ Hf�f

¼
X

n

X

m

Bm
n
#Om

n ðJ; JzÞ

þ nRRg2Lm
2
Bð�J/JSþ 1

2
/JS2Þ

þ gLmBJ � Bext: ð8Þ

The first term is the CEF Hamiltonian written
for the lowest multiplet (4I15/2, gJ ¼ 6=5). The
second term represents the spin-dependent inter-
actions between the Er moments written in the

dynamical-mean-field approximation with the
molecular-field coefficient nRR: The last term
describes the Zeeman effect and it allows to study
the magnetic susceptibility in the paramagnetic
region, for instance. gL is the Land!e factor for
the lowest multiplet and the magnetic moment of
the Er ion is expressed as mR ¼ �gLJmB:
The energy level scheme of the 4f11 (Er3+ ion) in

the crystal field of the hexagonal symmetry
contains eight Kramers doublets, see Fig. 7. The
Kramers degeneracy is removed by the internal
molecular field. The internal molecular field BEr

mol

equals nRR �mR: This field has been calculated to
be 1.5 T at 0K for ErNi5. A field of 350T, for
example, has been evaluated by us in Nd2Fe14B.
Nd2Fe14B exhibits, however, a TC of about 500K.
Inspecting the experimental results for ErNi5
presented in Fig. 6, one finds a very good
theoretical description of the temperature depen-
dence of the specific heat cðTÞ; including the l type
of peak at 9K. Our calculations give a zero-
temperature magnetic-moment value of 8.5mB and
predict its direction along the hexagonal axis. The
calculations provide also the anisotropy of the
magnetic properties and the temperature depen-
dence of the paramagnetic susceptibility in very
good agreement with experimental data [31].
Systematic studies of the whole RNi5 series

[31,34,35] and other series [1] have provided strong
experimental arguments for the high physical
adequacy of the crystal-field theory to these
intermetallic compounds. As main arguments we
mention (i) the easy magnetic direction alternates
with the sign of the a Stevens factor, (ii) the easy
magnetic direction within the hexagonal plane
alternates with the sign of the g Stevens factor, (iii)
the crystal-field coefficients are quite similar in the
whole RNi5 series [31,34], (iv) the description of
many magnetic and electronic properties is very
consistent, including the magnetic ordering.
We like to emphasize the good description of the

specific heat at low temperatures, below 10K in
case of ErNi5, in the presented CEF approach,
complemented by inter-site magnetic interactions.
In the CEF approach, excitations responsible for
the low-temperature specific heat are the neutral,
spin-like, not charge, excitations [36]. We think
that charge excitations need too large energies to
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take part in the low-temperature specific heat. One
should also note that in the presented description
of cðTÞ there are somehow two contributions to
the low-temperature specific heat: one related to
excitations over a (small) gap to the Kramers-
conjugate state, and other is related to the
continuous increase of the ground-state energy
due to magnetic interactions. This second effect
mimics a gap-less low-temperature specific heat.
By the formation of the magnetic state ErNi5 gains
the magnetic energy as is shown in Fig. 8.

7. PrRu2Si2 and ErRu2Si2

PrRu2Si2 and ErRu2Si2 crystallize in the tetra-
gonal structure of the ThCr2Si2 type. They order
ferromagnetically and antiferromagnetically below
Tc ¼ 14K and TN ¼ 6K, respectively. The mag-
netic ordering of both compounds is marked in the
temperature dependence of the specific heat as a
large l anomaly. The experimentally observed
ordered Er magnetic moment is mEr ¼ 7:3mB and
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Fig. 7. Calculated electronic structure of the Er3+ ion in ErNi5. Below 9K, the magnetic state is formed which becomes visible by the

splitting of the Kramers doublets.
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of the Pr-ions it is 2.7mB—thus in both cases 75%
of the full trivalent moment. PrRu2Si2 exhibits
uniaxial anisotropy along the tetragonal c-axis
whereas ErRu2Si2 is a planar system with easy b-
axis. PrRu2Si2 exhibits enormous magnetic aniso-
tropy—the anisotropy field at 4.2K is about 400T.
It corresponds to an MCA energy K1 of 59 J/cm

3

[37] and largely exceeds the anisotropy of the
Nd2F14B supermagnet (of 12.5 J/cm3). Unfortu-
nately, this giant anisotropy is confined to low
temperatures only which prohibits its technical
application in the permanent-magnet industry.
The aim of the study of PrRu2Si2 and ErRu2Si2

was to find the origin of this giant MCA and the
variation of the anisotropy from the Pr to the Er
compound. Moreover, our interest for PrRu2Si2
was raised since its preceding compound,
CeRu2Si2, exhibits pronounced heavy-fermion
phenomena.
On the basis of all known magnetic and

electronic properties of PrRu2Si2, we have attrib-
uted to the Pr3+ ions the configuration 4f 2 and we
constructed the energy level scheme of the Pr ion
in PrRu2Si2. For the tetragonal symmetry CEF it
contains five singlets and two doublets. The full set
of CEF parameters is given by: B0

2 ¼ �22K,
B0
4 ¼ þ0:22K, B4

4 ¼ þ0:20K, B0
6 ¼ �12mK and

B4
6 ¼ �45mK [38]. This set of CEF parameters

describes well (i) the energy separations, revealed
by inelastic neutron scattering [39], (ii) the aniso-
tropic temperature dependence of the susceptibil-
ity in the paramagnetic region, (iii) the direction of
the magnetic moment (along the tetragonal c-axis)
in the ordered state, (iv) the spontaneous-moment
value of the Pr ion at 4.5K of 2.7mB, (v) the giant
MCA of the magnetization curves at 4.5K, and
(vi) the temperature dependence of the specific
heat with the l-type peak at Tc:
The resulting energy-level scheme is shown in

Fig. 9. It provides excitations observable in INS
experiments at energies of 30K (Gð1Þ

t1 -Gt2) and
330K (Gt2-Gð1Þ

t5 and Gt3-Gt5
(1), Gt4). These excita-

tions have been observed in INS experiments by
Mulders et al. [39] (2.25 and 29meV). The derived
electronic structure differs, however, from that
derived in Ref. [39]—it has an extra state Gð1Þ

t3 at
58K as second excited state. This state is invisible
in the neutron-scattering studies due to small

matrix elements. We are quite convinced about the
existence of a state at about 60K as it largely
improves the description of the temperature
dependence of the specific heat.
It is interesting to note that the ordered state,

with the large magnetic moment and the pro-
nounced l-peak is realized despite of the singlet
ground state. The speciality of PrRu2Si2 is the
electronic structure with two lowest singlets, Gð1Þ

t1

and Gt2; separated by 2meV only—they form a
two-level system that behaves as quasi doublet, see
details of the energy levels shown in the inset of
Fig. 9. This quasi-doublet behavior results from the
large matrix element between these states. Thanks

Fig. 9. Energy level scheme of the Pr3+ ion in PrRu2Si2. The

tetragonal CEF interactions split the nine-fold degenerate

ground-state multiplet 3H4 into five singlets and two doublets.

The three arrows indicate the allowed INS excitations. They are

assigned to the ones experimentally detected in Ref. [39]. The

inset shows details of the temperature variation of two lowest

levels in the magnetic state.
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to this, the magnetism of this system can be
relatively easily induced by spin-dependent inter-
actions despite of the generally non-magnetic
character of singlets. One can say that such the
quasi-doublet system is unstable with respect to
magnetic instabilities. Such charge-formed ground
state allows the appearance of the large magnetic
moment of 2.7mB, in agreement with the experi-
mental observation. The direction of the moment,
along the c-axis, is related to the shape of the
eigenfunctions of this two-level system. We would
like to point out that the magnetic state in PrRu2Si2
with the singlet ground state is obtained in our
calculations using the same computer program as
used earlier for ErNi5 and for ErRu2Si2, that have
the Kramers-doublet ground state [40].
For the Er ion in ErRu2Si2, we derived a set of

the tetragonal CEF parameters: B0
2 ¼ þ1:6K,

B0
4 ¼ �5:0mK, B4

4 ¼ �4:5mK, B0
6 ¼ �5mK and

B4
6 ¼ �0:52mK [40], that is quite consistent with

that found for PrRu2Si2 (direct single-ion recalcu-
lations of the PrRu2Si2 parameters give:
B0
2 ¼ þ1:58K, B0

4 ¼ �4:97mK, B4
4 ¼ �4:52mK,

B0
6 ¼ �105 mK and B4

6 ¼ �0:393mK). The derived
set of CEF parameters of ErRu2Si2 describes well:
(i) the large anisotropy of the temperature
dependence of the susceptibility in the paramag-
netic region, (ii) the direction of the magnetic
moment in the ordered state, (iii) the spontaneous
moment of the Er ion of mEr ¼ 7:2mB, (iv) the large
anisotropy of the magnetization curves (with the
substantial in-plane anisotropy), (v) the tempera-
ture dependence of the specific heat with the
characteristic l-type peak at TN associated with
the occurrence of the antiferromagnetic order, (vi)
the tail of the Schottky-like peak above TN; and
(vii) the overall entropy.
At TN of 6K, the magnetic order starts to

dominate the temperature disordering. In our
calculations, this is accounted for by the effective
parameter nRR of 0.34 T/mB that yields BEr

mol of
2.5 T at 0K. The magnetic ordering produces an
abrupt change in the energy level scheme, related
to the removal of the Kramers degeneracy, that is
manifested as the l peak at TN: The calculated
moment of the Er ion, 7.2mB at 0K, consists of a
spin and an orbital part (ms ¼ þ2:4mB and
mo ¼ þ4:8mB). The magnetic moment of the

Er3+ ion is tied to the b direction within the
tetragonal plane by the higher-order charge multi-
polar interactions.
The consistent description of so many physical

properties of so different compounds as PrRu2Si2
and ErRu2Si2, containing ions with non-Kramers
and Kramers electron system, provides strong
support for the presented theoretical approach. It
confirms the existence of the discrete atomic-like
electronic structure in intermetallic compounds.
These studies confirm the importance of low-
symmetry charge multipolar interactions and the
essential need for taking into account all CEF
terms, including higher-order terms, in the descrip-
tion of the magnetic properties of 4f systems.
In the description of rare-earth atoms in

compounds we employ the J quantum number
for the description of the magnetism and the
electronic structure. In this approximation, the
spin–orbit coupling is taken as infinitively strong,
ls�o ¼ N: We checked how taking into account a
finite value of ls�o corrects the results by making
calculations in the spin–orbit LS space for the 4f1

system, i.e. for the Ce3+ ion. It turns out, that
taking into account a realistic value of the spin–
orbit coupling of 1000K does not lead to any
essential changes in the magnetism and in the
electronic structure associated with the lowest
multiplet. Of course, the finite value of ls2o puts
the excited multiplet at an energy of about 2500K,
as it is detected experimentally. The most im-
portant is the fact that the expectation values of Lz

and Sz of the ground state of the Ce3+ ion are
practically the same as derived in calculations by
means of the J; Jz functions [40]. This means that,
though calculations for rare-earth atoms should be
made within the LSLzSzj i space, much simpler
calculations within the LSJJzj i space provide
practically the same results. This conclusion is, of
course, not valid for 3d atoms, where there is a
need for calculations within the LSLzSzj i space
owing to the weaker spin–orbit coupling [41].

8. Conclusions

We have presented a microscopic description of
the magnetic and electronic properties for different
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compounds containing an open 4f-shell atom, like
Ho2Co17, Nd2Fe14B, Pr2Fe14B, ErNi5, PrRu2Si2,
NdRu2Si2, performed within the same crystal-field
model, complemented by inter-site magnetic inter-
actions. It reveals the existence in a solid of
discrete low-energy states originating from the
highly correlated atomic-like electron system 4f n.
Strong correlations among f electrons we take into
account by two Hund’s rules. The low-energy scale
is of about 25meV and lower which causes its
importance for solid-state physics, including the
description of magnetic and electronic properties
at, room temperature and lower. We take into
account the intra-atomic spin–orbit coupling and
crystal-field interactions. By pointing out the
importance of crystal-field interactions, we under-
stand that CEF interactions have to be considered
for all transition-metal compounds containing
open-shell atoms at the beginning of any analysis
of their magnetic and electronic properties. The
crystal-field theory points out the importance of
lattice distortions and the local symmetry on
atomic scale and discusses a solid in real space.
Thanks to this, the presented approach can be
applied to systems with the broken translational
symmetry.
The formation of the magnetic state can be

traced on the atomic scale. At the magnetic
ordering temperature the time-reversal symmetry
is broken which is visible in the eigenfunctions and
in the splitting of Kramers-doublet states. By the
magnetic ordering the system gains magnetic
energy. The presented approach is remarkably
successful. It shows its high physical adequacy
despite of serious objections that the CEF-based
model cannot be applied to intermetallics. Our
single-ion CEF origin, for instance, of the MCA in
Ho2Co17 was opposed at the beginning by other
mechanisms like anisotropic exchange. Moreover,
the applicability of the CEF theory and the
existence of the discrete CEF states in an inter-
metallic compound was seriously questioned.
These other approaches at present somehow have
disappeared but the CEF model seems to have
survived.
The application of the presented approach to

3d- and 5f-open shell compounds is quite promis-
ing [41,42]. The good description of experimental

results indicates the existence of the discrete
atomic-like states in 3d/4f/5f systems in the meV
energy scale. This low-energy atomic-like electro-
nic structure predominantly determines electronic
and magnetic properties.
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